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Abstract: This study investigated the worker retraining model with a validity period of 

private enterprises. The threshold that determines worker retraining and the sufficient 

conditions that determine the global stability of both the non-negative equilibrium point 

and unique positive equilibrium point are given. Finally, numerical simulation is 

presented using Matlab. 
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INTRODUCTION 

                Retraining of employees is an important human resource investment. 

Through employee retraining, employees can clarify job responsibilities, tasks and 

goals, improve knowledge and skills, and have their own quality and business ability 

that are compatible with the realization of enterprise goals. It is now a necessity to 

study the law of technology update and improvement in communication of the same 

workers and put forward a control strategy for retraining workers so as to maximize the 

benefits of enterprises and workers. 
Copyright © 2019: This is an open-access article distributed under the terms of the Creative Commons Attribution license which permits unrestricted 

use, distribution, and reproduction in any medium for non-commercial use (NonCommercial, or CC-BY-NC) provided the original author and source 

are credited. 
 

Time-delay differential equations have been widely used in simulation of population change, transmission of 

infectious diseases, biological science, physics, control theory, and other fields [1-8]. Fred Brauer [9] studied a class of 

time-delay infectious disease models with nonlinear birth and vertical transmission, proving that Hopf branches can be 

generated at the endemic equilibrium point under certain conditions, indicating the time delay has a great impact on the 

spreading of the diseases. JinHua Ye[10] studied a stage structure and Holling Ⅲ type of predator-prey system function. 

The system is uniformly persistent provided sufficient conditions are given; HaiFeng Huo[11] studied the stability of the 

smoking cessation model under the influence of education in a class of public health and provided the local stability of 

the smokeless equilibrium point and smoking equilibrium point. Zhao Tao[12] studied a type of time-delay SEIR 

computer virus propagation model, taking the latency of computer virus as bifurcation parameter, and discussed the local 

asymptotic stability of the model. The basic worker training model proposed by Brauer and Carlos [13] is as follows: 
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         Literature [14] has analyzed the stability of the model, and concluded that under certain conditions, the non-

negative equilibrium point and the positive equilibrium point of the model have local stability and global stability. 
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         Where P(t), R(t), M(t), U(t), I(t) denote the number of technical workers, regular workers, returning workers, 

foreman, non-expendable workers (injured or pregnant) and sabotage workers at time t, respectively. Because the 

workers who cannot be eliminated after a certain period of time, owing to their own needs, want to be retrained, they 

need to return to the workers. Therefore, this study considered adding this transformation time into the model, namely 

time delay. Through the characteristic equation analysis method and Hurwitz's decision theorem, it obtained the local 

stability and global stability of the non-negative equilibrium point, the global stability of the positive equilibrium point 

and the sufficient conditions for the existence of local asymptotic stability, and used Matlab to verify the relevant 

conclusions. 

 

The specific model is established as follows: 
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        The parameters , , , , ,,    K q r and τ are positive constants, in which 


K
 is the contact rate between 

foreman and regular worker; q  is the transformation rate of the training workers into regular workers ;   is the removal 

rate of all types of skilled workers ;   is the transformation rate of the returning workers into regular workers;  is the 

transformation rate of the returning workers into non-expendable workers; r  is the transformation rates of the foremen 

into sabotage workers; K  is a constant.   is a constant delay for workers to grow from non-expendable workers 

(injured or pregnant) to regular workers. According to the system (2.1), the total number of workers can be obtained to 

satisfy the equation: 

 

 = −N K N                        (1.3) 

where ( ) ( ) ( ) ( ) ( ) ( )= + + + +N t P t R t M t U t I t , 

( ) ( (0)) 

 

−= − − tK K
N t N e  

 

The stability of the equilibrium points 

 

Existence of equilibrium point 

Because the first three equations of model (2.1) do not contain variables ,U I , only the first three equations in the 

model need to be discussed later, and the following model can be obtained: 
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The initial conditions for system (2.4) are 
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1( ) ( ) {[ ,0], }  +=  −P t t C R ， 2( ) ( ) {[ ,0], }  +=  −R t t C R  

3( ) ( ) {[ ,0], }  +=  −M t t C R ， 1(0) 0  ， 2 (0) 0  , 3(0) 0        (2.2) 

 

It is easy to verify that, if 0t   for system (4), the solution under initial condition (2.2) is unique.  

 

The non-negative equilibrium 0 0 0 0( , , )=E P R M  and positive equilibrium 
* * * *( , , )=E P R M of system (2.1) 

satisfy the following combined equations. 

( )
( ) ( ) ( )=0  

(1 ) ( ) ( ) ( )+ ( ) =0

( )
( ) ( ) ( )=0



  

  

 

−


− + −


− − + − −


 − +


M t
qk P t R t P t

k

q k R t aR t aR t e

M t
P t r M t

k

       (2.3) 

 

From (2.3) we obtain 

0 0 0 0
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r
, when 1R  , the unique positive equilibrium point

*E of system (2.4) can be 

obtained. 
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Theorem 2.1. If 1R  , there exist a non-negative equilibrium 0 0 0 0( , , )=E P R M and a unique positive 

equilibrium 
* * * *( , , )=E P R M for system (2.1). 

 

The stability of the non-negative equilibrium 

Theorem 2.1. IF 0 1 0，  R , the non-negative equilibrium 0E  is a local stability; if 1R  , It is not a 

stability. 

 

Proof:  The characteristic equation corresponding to the linearized system of model (2.1) at 
0EA is 

          0( ) ( )( (1 ))( ) 
       −= + + + + − − + +f a e P r

K
         (2.4) 

 

There are always two negative roots for the eigenvalues of
0EA , 1 0 = −  。

2 [ (1 )] 0   −= − + + − a e

. And the other roots are determined by the following equation 
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= [ ( (1 )) (1 ) ( ) ( (1 ))]
[ (1 )]
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When 1R , all the characteristic roots of the characteristic equation 
0EA are negative, so 0E  is locally 

asymptotically stable; When 1R  , 01  , 0E is unstable in region D. The proof is complete. 

 

Theorem 2.2. IF 1R  , and min 1 ( (1 ) ) 0
2 2

，  
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 
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equilibrium point 0E  is a local stability; if 1R  , It is not a stability. 

 

Proof:  Let 0= −x P P , 0= −y R R , 0= −z M M , then model (1) can be deformed into 
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Construct the Lyapunov function
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If min 1 ( (1 ) ) 0
2 2

，  
 

 
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a e , then ( )' 0V z  . When 1R  ,   

According to the Lyapunov stability theorem [16], the only non-negative equilibrium   point 0E of model (1) is 

globally asymptotically stable. The proof is complete. 

 

The stability of the equilibrium points 

Theorem 3 If 1R   , and 
1

min , (1 ) )
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From (2.9), we can see that if
1

min , (1 ) )
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

− 
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r
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dV

dt
. When 1R  ,                                    

 

              According to the LaSalle invariance principle [17], the non-negative equilibrium point 
*E is globally 

asymptotically stable. The proof is complete. 

 

By substituting the equilibrium point 0E and 
*E  of model (4) and the fourth and fifth equations of model (1) 

into model (1), the non-negative equilibrium point of model (1) can be obtained as follows: 

0

1 (1 ) (1 ) (1 )
[ ], ,0, ,0

(1 ) (1 ) [ (1 )]  

 

       − − −

 − − −
= + 
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q k q k q ak
E qk

a e a e a e
. 

 

 

Similarly, the only positive equilibrium point of model (1) can be obtained as follows: 

'* ( ) (1 ) ( 1) (1 ) ( 1)
, , , ,

(1 ) [ (1 )] 

 
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=  
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k r q k R k q ak rk R
E

a e a e
. 

 

 

According to the limit equation theory, if 1R  ， min 1 ( (1 ) ) 0
2 2

，  
 

 

−
  

− − + + −   
  

a e . The 

non-negative equilibrium point is the global asymptotic stability point of model (1). 

 

If 1R  and
1

min , (1 ) )
2 2( )

 
  



− 
− + + −  

+
R a e

r
，

'*E Is the global asymptotic stability point of 

model (1).  

 

NUMERICAL SIMULATION 

(1)  0 =  and 50=K  

We choose a set of parameters: 0.031=q ， 0.5 = ， 0.158 = ， 0.2 = ， 0.3 = ， 0.3=r ,then

0.8145=R ，The model has only one non-negative equilibrium point 0 (2.5775, 0.9690,0,1.4535,0)=E .Let 

(0)=4P ， (0)=3R ， (0)=0M ， (0)=8U ， (0)=0I ，We can see 0E  is globally asymptotically stable from Fig. 

1. 
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图2 非负平衡点的全局稳定性 

Fig-2: The global stability of working-present equilibrium point 

 

We choose a set of parameters: 0.9 = ， 0.05=q ， 0.1 = ， 0.01 = ， 0.01 = ， 0.01=r ，then 

10.5682 1= R ，Model has a stable unique positive equilibrium point in addition to a non-negative equilibrium 

point 
* (6.11,395.83,17.04,39.58,5.31)=E .Let (0)=2P ， (0)=30R ， (0)=700M ， (0)=20U ，

(0)=10I  Let (0)=3P ， (0)=30R ， (0)=2M , We can see 
*E  is globally asymptotically stable from Fig. 2. 

 

 
图3 唯一正平衡点的全局稳定性 

Fig-3: The global stability of training again equilibrium point 

 

(2)  0  ， 50=K  

We choose a set of parameters: 0.5=q ， 50=k ， 0.32 = ， 0.25 = ， 0.80 = ， 0.26 = ，

0.22=r ， 9 = , then the model is  

0.8

0.8

0.5 0.0050PM 0.2 0.32

0.5  1.1200 0.26 +0.26 ( 1)

0.8 0.26 0.26 ( 1)

0.22 0.8





−

−


= + − +


 = − − −


 = − + − −


 = −


dP
K P R

dt

dR
K R R R t e

dt

dU
U R R t e

dt

dI
M I

dt

        (14) 

 

By calculation   0.1966 1= R , the model has only one non-negative equilibrium point 

0 ( 38.1625,  22.1201,0,  0.2819,0)=E .Let (0)=6P ， (0)=3R ， (0)=2M ， (0)=5U ， (0)=3I , we can 

see 0E  is globally asymptotically stable from Fig. 1. 
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Fig-2: The global stability of working-present equilibrium point 

 

We choose a set of parameters: 0.89 = ， 0.43=q ， 0.05 = ， 0.27 = ， 0.46 = ， 0.97=r ，

50=k ， 19 = , then the model is  

 

 0.0050

 0.0050

0.0178

 0.5700  0.7800 0.46 ( 35)

0.01

0.4

80 1.0200

0.05 0.46 0.46 ( 35)

0.97 0.05

3 0.27 0.05

−

−


= − + −


 = − + −




= −



= − + − −

 = −


dP
PM R P

dt

dR
K R R t e

dt

dM
PM M

dt

dU
U R R t e

dt

dI
M I

dt

K

      (15) 

 

By calculation 15.8370 1= R , Model (15) has a stable unique positive equilibrium point in addition to a non-

negative equilibrium point
* ( 57.3034,  88.4285,   41.6770)=E . Let (0)=3P ， (0)=30R ， (0)=2M , We can 

see 
*E  is globally asymptotically stable from Fig. 2. 

 

 
Fig-3: The global stability of training again equilibrium point 

CONCLUSION 

This study analyzed the stability of the retraining model of workers in the same department in private enterprises by 

means of the characteristic equation analysis method and Hurwitz decision theorem. The following conclusions are 

drawn from the research. When the number of returning workers is very large or the rate of transfer from returning 

workers to non-expendable workers is large, there is a non-negative equilibrium point in the model, and the retraining 
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needs to be carried out continuously. This requires that the number of returning workers and the rate of transfer of 

returning workers to non-obsolete workers must be strengthened in real life. From the threshold conditions for worker 

retraining, one can see that the greater the transfer rate from returning workers to non-expendable workers, fewer the 

workers removed. The shorter the duration of retraining of workers who are non-expendable, the less likely it will be to 

retrain. Therefore, in order to control the reduction of the number of retraining workers who cannot be eliminated, it is 

necessary to a pay close attention to the important impact of workers' technical level, increase the proportion of retraining 

for returned workers, and reduce the transfer rate from returned workers to non-eliminated workers. 
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