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Abstract

| Review Article |

This study uses the long-established Lie symmetry approach to work out the Zakharov-Kuznetsov- Benjamin-Bona-
Mahony (ZK-BBM) equation, a nonlinear partial differential equation (PDE) widely applied in modelling wave
propagation across numerous materials. By distinguishing symmetries and group-invariant solutions, the ZK-BBM
equation can be curtailed, and a new exact solution can be deduced. The work also probes similarity solutions to the
equation, exhibiting various examples and their outcomes for wave dynamics. Eventually, conservation laws related to
the ZK-BBM equation are evaluated using adjoint equations and their symmetries. The behaviour of the ZK-BBM
equation and its solutions gives profound knowledge that ushers in the importance of this comprehensive study, which
greatly impacts numerous study fields like quantum physics, fluid dynamics, and elasticity theory.
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1. INTRODUCTION

The symmetries [1, 2] do play a vital role in the
investigation of integrable systems in the study of partial
differential equations (PDES) which exhibit intricacy.
The convoluted systems, which are designed by their
infinite symmetries, can be competently investigated
using symmetry group approaches [3-5]. A precise
solution for complex PDEs can be attained by these key
methods. A few techniques to calculate the Lie point
symmetries of a nonlinear equation [1, 6] have emerged
because of their effectiveness. Nonlinear PDEs are in
several scientific areas, including condensed matter
physics, fluid mechanics, plasma physics, and optics.
Finding exact solutions to PDEs is a key issue in
mathematics and physics.

The classical Lie group technique [7, 8] is a
traditional practice for studying differential equations
using continuous transformation groups. Literal
solutions of several PDEs can be attained for travelling
wave solutions, similarity solutions, soliton wave
solutions, and fundamental solutions by using the Lie
group approach. Compared with the non-classical Lie

group approach, it expands the classical technique by
considering additional restrictions which would be
uniform under the action of the symmetry group.
Clarkson-Kruskal (CK) presented the direct symmetry
method [9, 10] which is a relatively easy approach that,
as result, reduces the process of finding symmetry by
abolishing the lengthy computations involved with
traditional approaches. This study technique focuses on
identifying reductions from PDEs to ordinary differential
equations (ODEs), which can be easily solved. There is
another important technique, which is the compatibility
method [11, 12] and investigates the compatibility
conditions of overdetermined differential equation
systems. This beneficial method is being used to find
hidden symmetries which are hard to find using
traditional methods. The study of symmetries in
perturbed partial differential equations [13] requires an
equal balance between understanding the stability of
existing symmetries and identifying new ones. The
importance of this study is that it is not just for theoretical
investigations but also being used for such applications,
which are real-world examples like elasticity theory,
fluid dynamics, and quantum mechanics, to understand
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the system and how it will perform with a slight
perturbation. The generalised symmetry approach finds
the transformations, which are not always point
transformations; hence, developing these methods lead
to more suitable approaches. A specific solution that
cannot be determined by using the conventional
symmetry approach can be attained by using the
conditional symmetry approach, which is another
noteworthy approach. This study is also extended to find
the lie symmetries, conservation laws and exact solutions
of fractional-order partial differential equations [14] and
the Apostol-Bernoulli, Apostol-Euler, and Apostol—
Genocchi Hermite polynomials [15].

This study aims to apply the classical Lie
symmetry method to a specific nonlinear partial
differential equation known as the Zakharov-Kuznetsov-
Benjamin-Bona-Mahony (ZK-BBM) equation, which is
given by:

Up + Uy + PUU + QUoye + QUYyx = 0.oeei. (D)

The existence of mixed partial derivatives
indicates that they are an extended form of the standard
Korteweg-De Vries (KdV) equation, containing both
two-dimensional effects and higher order dispersion
factors. The coefficients p and g in the equation are real

2. Symmetries and Lie symmetry groups

constants that characterise the amplitude and dispersion
properties of the wave, respectively.

To find the solutions for the ZK-BBM equation,
Wazwaz [16,17] implied the sine-cosine approach and
the extended tanh method on solitons, periodic solutions,
and complex solutions. The f-expansion method was
used for improved analysis and generation of exact
results by Abdou [18]. This approach requires expanding
the solutions, using a finite set of functions can provide
a systematic method for discovering new and potentially
more general solutions. The bifurcation method of a
dynamical system was used by Song and Yang [19] to
address the system problem. It is important to understand
the qualitative behaviour of solutions, particularly for
identifying travelling wave solutions and figuring out
their stability and bifurcation features.

This study is organized in such a way that
Section 2 discusses the findings of symmetries, Lie
symmetry groups, and invariant solutions for equation
(1). In Section 3, we find the best reductions of the
equation (1), while Section 4 is dedicated to the
derivation of new exact solutions. Section 5 contains the
conservation laws associated with equation (1). This
study ends with Section 6, which concludes our work.

The fundamental goal of using the Lie symmetry approach in this context is to find symmetries of a given PDE,
with another goal of determining exact solutions. For equation (1), the corresponding vector field can be expressed as

follows:

d d d d
X =&(x,y, Lu)o—+ E(x,y, t,u)$+ &y, Lw) Ny, Lu) o=, )

Which is the infinitesimal generator of the symmetry group. The equation (1) contains the highest order of three,
so we define its third prolongation, which expands this generator to include derivatives up to the third order. This is essential
for collecting the behaviour of solutions under transformations involving second-order derivatives present in equation (1).

The third prolongation is written in the following form:

d 2 2
x(3>=x+5ta—w+(xa+(mm+zyyx— ...................... A3)

OUyyx

Where the functions ¢;, {y, {yxt, {yyx are defined in terms of ¢,¢2,&3,7, and the derivatives of ¢, ensuring full
understanding about the behaviour of the PDE's under symmetry transformations. From X(3)(F)| peo = 0, which means

applying third prolongation to the equation (1), it follows as:
Ce + {x + puxd + puy + qlux + QZyyx =0.......

......................... @)

By setting the coefficient of the polynomial in equation (4) to zero, a system of differential equations emerges,
determining the forms of the functions &, £2, &3, and 5. Solving this system reveals the symmetry parameters:

1
§t = €s, 52 =§e1J’+e4’ 53 =ette,n=—e

And the arbitrary constants ey, e,, e5, and e, are important in construction of the corresponding symmetries and

generating exact solutions.

The resulting symmetries can be expressed as follows:

X =ezu, + G ey + 34) uy, + (egt +ex)uy —eg £

Representing the transformations under which the PDE maintains its form. Each term in equation (6) corresponds
to a specific transformation in the (x, y, t, u) space, indicating how the solution u changes under the action of the symmetry.
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The vector field is defined as:
a 1 a a pu+1l 0
X=e3£+(Eely+e4)£+(elt+ez)5—e1 —

p ou

................. 7)

To obtain exact solutions from those already known for equation (1), we have to identify the related Lie symmetry
groups and to do this, we use the initial problems. The equation takes the form of an initial value problem, where the
dependent variables (x, v, t, u) are transformed into new variables (%, y, , &) under the action of a parameterized symmetry
group. The parameter Varepsilon serves as a continuous scaling factor, allowing for infinitesimal transformations.

The differential equation:
S EFET) = (6Y,6U), oo (8)

Specifies how the transformed variables change concerning the parameter . This equation essentially describes
the infinitesimal action of the Lie symmetry group on the variables (x,y, t,u). By integrating this differential equation
with respect to &, we obtain the transformed variables (x, y, t, w) as functions of (X, y, t, ). The initial conditions are:

X, 7,6 W) ez0 = G,y U, oo 9

Define the values of the transformed variables at the starting point (¢ = 0).

From equation (8), we can derive the Lie symmetry group denoted as g: (x,y,t, @) — (x,y,t,u). This group
represents the transformations that preserve the form of equation (1). By analysing different functions é1,&2,&3, and n
appearing in the expression for the symmetry X, we can solve equation (8) to obtain particular Lie symmetry groups. These
groups, denoted as g4, 8,, g5 and g,, are described as follows:

g: (&, y,t1) — (x+¢y,tu),

g, (X, y,t,u) — (x,y+¢tu),

g (X, y,t0) — (,y,t+eu), (10)

g+ (X, y ) — (x,y + eés,t +ef,u+e— %)

These Lie symmetry groups represent translations along the x,y and t axes, as well as a more complex
transformation involving exponential terms. By applying these symmetry groups g4, g2, g5 and g, to known solutions of
equation (1), represented by the function v new exact solutions can be obtained:

u, =v(x —¢gy,t),
u2 = U(x'y - g, t)v
u; = v(x’ y,t— g), ............................ (11)

1
i _ 1 _
uy v(x,y—e 2 t—e 5)—1—)+e £

For instance, deal with the solution, which is a periodic wave solution [16] of the equation (1)
_ 3(d-1) 2 L 1
u(x,y,t) = — Sec (2\/65 ), .......................................... (12)

2
Where ¢ > 0 and ' = x + y — dt.

By applying the u,, a new exact solution of equation (1) can be derived, involving the exponential term e~¢ in
the argument of the periodic wave function.

u(x,y,t) =$sec2 (ﬁﬁfl) —%+e‘£, ........................... (13)

1
Whereg >0andét =x+y—e2° —d(t —e®).

3. Symmetry Reduction of ZK-BBM Equation
In this section, we reduce the equation (1) with the help of the symmetries (5). To do this, we need to discuss
some cases:

Case 3.1:
We consider the conditions where e, # 0,e, = 0,e; = 0, e, = 0 and substituting these values into the expression
for the symmetry X, we will have:

1 au+1
X = Seyuy +ejtu —e;
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Subsequently solving the differential equation X’ = 0, yields specific expressions for the variables &1, and u as shown in
equation (15).

1_ R T
f—x,n—t,u—tv(f,r]) pe ETTIRTPSPPTPIS PRSPPI (15)

Using these derived expressions in equation (1) leads to the reduced form given as follows:
—V =NV + vV + b(_vflfl — NVsig1y + 20y + 41717,7,751) =0. . (16)

Case 3.2:

We explore this case when e; = 0,e, # 0,e; # 0,e, # 0, and substituting these conditions into the expression
for X, we get:

X =equy t ey + el oo (17)

Solving for X = 0, we obtain the expressions for &%, 7 and u.

fl=x—z—zt,n=y—:—:t,u=v(fl,n). ................................ (18)
By using these expressions (18) into equation (1) results in the reduced form:

(1 - Z—z) Vel — :—‘;vn +pvve +q (—:—2%15151 - :—:'Uflgln + Vm,]fl) =0, (19)
Case 3.3:

We consider the conditions where e; = 0,e, # 0,e; = 0,e, # 0. Substituting these values into the expression
for X, we obtain the following form:
X = @aly 4 @oUp it (20)

Solving for XX = 0, we obtain expressions for &1, and u.
€1=x,n=y—:—4t,u=v(fl,n). ....................................... (21)
2

Substituting these expressions (21) into equation (1) yields the reduced form, represented as follows:

Vg1 —Z—‘Z‘v,, + quve +q (_:—:Ufleln + vrmfl) =0. i (22)
4. Similarity solutions of ZK-BBM equation
We explore various cases to obtain new solutions of equation (1) by dealing with the reduced equations (16), (19),

and (22). Those cases are studied in the following ways:

Case 4.1:
Here, we say that equation (16) admits a solution that looks like the following:

V=O@)EL W), oo, (23)

Where ®(n) and W (n) are unknown functions that we have to determine. Using the equation (23) inside the equation (16)
gives the following:

V= EL W), e, (24)

1+e1m

Then we find a new exact solution of equation (1) that looks like the following:
1 8qtcy 1

- —_— * *a0.2Y) * *Y _1
u; = p(trciy?) (x + 2qciln (t + c{y?) — 4qciln y + ¢3) reyd) B 25)
Which offers ideas about the behaviour of the equation (1) under specific conditions determined by the constants
¢y and c3.

Case 4.2:
We study equation (19) by employing the G’ /G-expansion method [20] and looking for the solutions, which are
travelling wave solutions.
HCY
v=yN A (W) A0 A E O, oo (26)
Where J; are constants that we find later and ¥ = k& + In. Itis observed that j = 2 by balancing Vg1 and vvg in equation
(17). Let the solutions of equation (17) be of the form:
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v =12, (%‘ﬁ’)))2 + A (‘;(ﬂp“’;) g Ay E 0, oo 7)

with G (W) satisfying the second-order linear ODE
GC'"WP)+ kG (P)+YG(FP) =0, oo, (28)

Where the constants to be determined later are Ay, A4, 4,5, k, ¥ and ¥ = k& + In. Substituting equation (27) into
equation (19) along with equation (28) and fixing the values of the coefficients of (G'(¥)/G(W¥)), (i =0, ...,4) to zero
results in a system of equations concerning A4, 14, 4,, Y, and L.

After a detailed derivation process, we obtain three different types of travelling wave solutions and for every
solution, we can have further three cases on A2 — 4y which are given below:

Case 4.2.1:

When A2 — 4y > 0,
lz) cisin YW+cscos YW

3q 2
U, =—MWU -4 (ek+el—e—
2 pez( ]/) 3 4 2k cicos Y¥W+cjsin YW

................. 29)
24 92 _ o — By, L (, L
+pe2 o 4]/)( esk — el + e, k)+pe2 (e4k ez+e3).
Case 4.2.2:
When 22 — 4y < 0,
_ _3a a2 1%\ cisin YW+cicos YV
Us = pez (4‘)/ ) (e3k ted—e k) cicos YW+c3sin YW
20 , 2 B L e (30)
+E(4y -2 )(—e3k —eyl+ 62;) +E(e4z— e, + 63).
Case 4.2.3:
When A2 — 4y = 0,
_12q B\ cisin YW+cicos YW 1 1
U, = e (e3k +eyul—ey k)—c;cos T¥rcisin Y9 + es (e4k e, + e3), ........... 3D
_ _ (kez+ld—4
where ¥ = kx + ly (762 )t.
Case 4.3:
Let v = v(¥), where ¥ = k& + I and equation (22) becomes an ODE:
(k=0) v + phvv' +q [ = 2,2+ k20" = 0, .o (32)
ey ez
here, we integrate two times with respect to W in equation (32), obtain:
(W)2 =TV 02 T30, i (33)
Where I; = % (esk — e;1), T, = % (e,k — e,1), and Ty is a constant.

Given that solutions to equation (33) have been provided in [21], we can derive several similarity solutions for
equation (1) as outlined below:

Case 4.3.1:
When T, = 402,T, = 4(—02 — 1),T; = 4,
ug = 50 [koc + Iy — 1t (34)
ez
Case 4.3.2:
When Ty = 402, T, = 4(—202 + 1), T, = 4(1 — 02),
ug = d9? [k +ly =21t oo (35)
ez
Case 4.3.3:
When Fl = _4’, FZ = _4(92 - 2),F3 = 4’(@2 - 1),
wy = 92 [l + Iy = Z0t]. (36)
2
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Case 4.3.4:
When Flv < 0, FZ > 0, F3 = 0

Ug = —%sech2 [@ (kx +ly — :—411:)]. ................. 37

1 2
Case 4.3.5:
When Flv > 0, FZ > 0, F3 =0
I 2 [T _ b

Uo =1 csch [ 5 (kx +ly o lt)]. ................... (38)
Case 4.3.6:
When FZ < 0,F3 =0

U = E—jsec2 [@ (kx +ly — Z—;‘lt)]. ................. (39)

The equation (33) leads us to a variety of similarity solutions from equation (34) to equation (39), each
characterized by different combinations of constants 0,9, e,, e,, e; and e,.

5. Conservation laws of ZK-BBM equation

The conservation laws [1, 22] of the ZK-BBM equation are obtained by using the adjoint equation and its
symmetries. For equation (1), the adjoint equation takes the form:

Ze + Zy Y PUZy + QZyxt F Zyyr =0, i (40)

and the Lagrangian associated with this equation is:
L= Z(ut + uy, + puuy + Uz + quyyzx) ........... 40

To derive the conservation laws, the Lie point, Lie-Backlund, and non-local symmetries of (1) and its adjoint
equation [23] are very important. The components of the conservation vector (T;, T,, Ts) are defined as follows:

i — gi al9L _p (9L . (95
g e [, (2) 4 o )]

...................... (42)
N aL ' a 0L .
+D, (W) [au% Dy (—M%k)] DD o (1= 1.23),
Where W& = n% — ffuj‘-" is a Lie characteristic function.
The conserved vector related to an operator V given by:
_ 1 K 9 | 3 9 9
V=80y two -+ y tu) P Sy two +nly tw) (43)

The conservation law equation is represented in the following form:
D(TH + Dy (TH+Dy(TH =0, e (44)

Where the conserved vector T = (T?, T2, T3) is given by the expression in equation (42). The components of
this conservation vector are further defined as follows:
T = wz(1 + pu) — D,(qzz,)] + kuyyzw? + qzz,D,(w?),
T? = (V2L — Dy(kzz )W + qzz, D,(W"), (45)
T3 = (§1)3L + w! + quy zw?.

The system of equations (45) defines the conservation law of equation (1) and equation (40), associated with any
operator z accepted by equation (1).

We investigate a more detailed computation for a specific operator z defined as:
z:%yayﬂat—”l‘%au. ......................... (46)

The expressions for w! and w? are given by:
1 pu+1l 1
wl=— - —S YUy~ EUp, cen er e eee e (47)
1 1

W2 =2 —oYZ, = tZp e e (48)

2 2
| © 2024 Scholars Journal of Physics, Mathematics and Statistics | Published by SAS Publishers, India | 143 |




Adnan Shamaoon et al, Sch J Phys Math Stat, Oct, 2024; 11(10): 138-145

Substituting these into equation (42) and evaluating for the sixth-order Lagrangian equation (41), we obtain the

components of the conservation vector as described as:

T = — (u + % + %yuy + tut) (z + puz — qz, 2 — q224,)

1 1 1
+quyyz (EZ —5VZy — tzt) —qzz, (ux + 2 Vlyx + tutx),

1
T2 = Eyz(ut + u, + puu, + qu,,z, + quyyzx) — q(zyzx + zzxy)

1 1 1 1
: (u +; +oyuy + tut) — qZZy (uy Fouy Hoyuy, + tuty),

T3 = tz(up + uy + PUly + QU Ze + qUyyZy)

1 1 1 1
- (u T yuy tut) + QU z (Ez —2yz, - tzt).

So, these conserved vectors satisfy the equation (1).

6. CONCLUSION

Finally, this work studied the classical Lie
symmetry approach as applied to the (ZK-BBM)
equation, providing insight on its symmetries,
reductions, exact solutions, and conservation laws. We
determined the ZK-BBM equation’s Lie point
symmetries using the classical Lie symmetry approach,
exposing its fundamental invariant characteristics. These
symmetries were identified by certain vector fields,
which made it possible for us to solve the problem
exactly. The ZK-BBM equation’s simpler versions were
produced via reductions, making it easier to look at the
dynamics of the equation under various circumstances.
Further, we explored similarity solutions to the ZKBBM
equation, leveraging the reduced equations to derive
explicit solutions. Through various cases and
mathematical techniques such as the G’ /G-expansion m
differential equations, we obtained a range of new
explicit solutions, each revealing distinct aspects of the
equation’s behaviour. Finally, we investigated the
conservation laws associated with the ZK-BBM
equation, utilising the adjoint equation and its
symmetries. By examining the Lagrangian and utilising
Noecther’s theorem, we uncovered conserved quantities
that provide valuable insights into the system’s dynamics
and energy conservation properties.
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