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Abstract: The ternary quadratic homogeneous equation representing homogeneous cone given by 
22259 zyx  by 

is analyzed for its non-zero distinct integer points on it. Three different patterns of integer points satisfying the cone 

under consideration are obtained. A few interesting relations between the solutions and special number patterns namely 

Polygonal number, Pyramidal number, Octahedral number, Pronic number, Stella Octangular number, Pentatope number 

and Nasty number are presented. Also knowing an integer solution satisfying the given cone, three triples of integers 
generated from the given solution are exhibited. 
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INTRODUCTION 

The ternary quadratic Diophantine equations offer an unlimited field for research due to their variety [1, 21]. For 

an extensive review of various problems, one may refer [2 - 20]. This communication concerns with yet another 

interesting ternary quadratic equation 
22259 zyx    representing a cone for determining its infinitely many non-

zero integral points. Also, a few interesting relations among the solutions are presented. 

 

Notations 
m

nP    -  Pyramidal number of rank n with size m . 

nmT ,   -  Polygonal number of rank n  with size m . 

nPr    -  Pronic number of rank n  

nOH  - Octahedral number of rank n  

nSO  -  Stella octangular number of rank n  

nPt    -  Pentatope number of rank n  

 

METHOD OF ANALYSIS 
The ternary quadratic equation under consideration is 

22259 zyx                                                                                            (1)  

To start with it is seen that the triples )3022,2922,12(),30,29,( 22  kkkkkkkk   and

)59,59,2( 2222 srsrrs  satisfy (1). 

 

However, we have other choices of solutions to (1) which are illustrated below 

Consider (1) as 

159 222  zyx                                                                                      (2) 

 

Assume  
22 59baz                                                                                              (3) 

Write 1 as 
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Substituting (3) and (4) in (2) and employing the method of factorization, define 
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Equating the real and imaginary parts in the above equation, we get 

 )12)(59()2229(2
2230

1 222

2



 nbaabnn

nn
x  

 )12(118)59)(2229(
2230

1 222

2



 nabbann

nn
y  

22 59baz   

Replacing “ a ” by Ann )2230( 2 , “b ” by  Bnn )2230( 2  in the above equation corresponding integer 

solutions to (1) are given by 

)}]2229(2{)12)(59)[(2230( 2222 nnABnBAnnx   

)}]12(118{)2229)(59)[(2230( 2222  nABnnBAnny      (A)    

)59()2230( 2222 BAnnz   

For simplicity and clear understanding, taking 1n  in (A), the corresponding integer solutions of (1) are given by 

ABBAx 1740177030 22   

ABBAy 35401770870 22   

)59(30 222 BAz   

Properties 

 )1769(mod1)1,( ),62(  AtAx  

 )1768(mod2)1,( ),28(),34(  AA ttAx  

 )1768(mod22)1,( ),32(  AtAx  

 )1768(mod2)1,( ),36(),28(  AA ttAx  

 )2671(mod581)1,( ),1742(  AtAy  

 )2672(mod562)1,( ),882(),862(  AA ttAy  

 )29(mod1),1( ),3542(  AtBx  

 )54869(mod870),1( ),102662(  BtBy  

 )54868(mod58),1( ),51342(),51322(  BB ttBy  

 )58(mod1)1,(30 ),4(  AtAx  

 )90(mod1)1,(30 ),60(  AtAy  

 1),1(30 ),120(  btbx  

 )1828(mod29),1(30 ),3424(  btby  

 )54000(mod0)1,()1,(29  AyAx  

 )54000(mod0),1(),1(29  ByBx  

   59,1 ),4(  BtBz  

   )61(mod11, ),122(  AtAAz  

   )62(mod1412, ),128(),4(

2
2  AA

ttAAz  
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   )54(mod1412, ),112(),4(

2
2  AA

ttAAz  

 )2(mod159))1(,( ),4(),4(

2
2  AA

ttAAz  

 )7462(mod171166844)12,(30 ),14456(

4

),4(

2
2  AAA

tptAAy  

 )6860(mod171166844)12,(30 ),13724(

4

),4(

2
2  AAA

tptAAy  

 )107999(mod0)1,()1,(29
),108002(


A
tAAyAAx  

 )234(mod59)(174236)12,(230
),4(),472(

2
2  AAA

OHttAAx  

 )236(mod59)(58236)12,(30
),4(),476(

2
2  AAA

SOttAAx  

 )175(mod59)1,(30
),118(


ArA tPAAx  

 )176(mod59116)1,(30 5

),120(),4(

2
2  AAA

PttAAx  

 )4543(mod21241770591392))3)(2(),1((30
),2598(

4

),4(2 
AAArAA tPtPPtAAAAx  

 ),(10 AAz   is a Nasty number 

It is worth to note that 1 in (2) may also be represented as 

22

22

)459(

}59)4()459}{(59)4()459{(
1

n

ninnin




  

Following the analysis presented above, the corresponding integer solutions to (1) are found to be 

)}]259(2{)4)(59)[(459( 2222 nABnBAnx   

}]472{)459)(59)[(459( 2222 nABnBAny                                 (B) 

)59()459( 2222 BAnz   

For the sake of simplicity, taking 1n  in (B), the corresponding integer solution of (1) are given by 

ABBAx 693014868252 22   

ABBAy 297362044353465 22   

)59(63 222 BAz   

Properties 

 )7181(mod506)1,( ),506(  AtAx  

 )1143450(mod0)1,(4)1,(55  AyAx  

 )1143450(mod0),1(4),1(55  ByBx  

 )1143449(mod03430350)1,(4)1,(55 4

),1143452(

22  AA ptAAyAAx  

 )2286899(mod0)1,(4)1,(55 ),2286902(  AtAAyAAx  

 )5717249(mod06860700)12,(4)12,(55 ),6860702(

422  AA tpAAyAAx  

 034303506860700)12,(4)12,(55 ),4(

422  AA tpAAyAAx  

 027442800))3)(2(),1((4))3)(2(),1((55  AptAAAAyAAAAx  

 )483(mod236)1,(63 ),246(  AtAAx  

 )9262(mod3245141655)1,(63 ),6020(

4

),4(

2
2  AAA

tptAAx  

 )7938(mod0)1,(252)1,(3465  AyAx  

 )15875(mod0)1,(252)1,(3465 ),15878(  AtAAyAAx  

 

 

Generation of integer solutions 
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Let ),,( 000 zyx   be any given integer solution of (1) 

Then, each of the following triples of   integers satisfies (1) 

Triple 1: ),,( 111 nnn zyx  

0001 164119 zyxxn   

   0001 329236 zyxyn   

   0001 12732944 zyxzn   

Triple 2: ),,( 222 nnn zyx  

   ]})29()29{(})29()29(59[{
58

1
002 zxx nnnn

n   

   02 29 yy n

n   

]})29()29(59{})29(59)29(59[{
58

1
002 zxz nnnn

n   

Triple 3: ),,( 333 nnn zyx  

   ]})30()30{(})30()30(59[{
60

1
003 yxx nnnn

n   

   ]})30()30(59{})30(59)30(59[{
60

1
003 yxy nnnn

n   

   03 22 zz n

n   

Triple 4: ),,( 444 nnn zyx  

04 3 xx n

n   

   ]})3(4)3(4{})3(2)3(8[{
6

1
004 zyy nnnn

n   

   ]})3(2)3(8{})3(4)3(4[{
6

1
004 zyz nnnn

n   

 

CONCLUSION 

In this paper, we have presented three different patterns of non-zero distinct integer solutions of the 

homogeneous cone given by   
22259 zyx  . To conclude, one may search for other patterns of solution and their 

corresponding properties. 

 

REFERENCES 

1. Dickson LE; History of Theory of Numbers, Volume2, Chelsea Publishing Company, New York, 1952. 

2. Gopalan MA, Pandichevi V; Integral solution of ternary quadratic  equation xyyxz 4)(  , Acta Ciencia 

Indica, 2008; XXXIVM (3): 1353-1358,  

3. Gopalan MA, Kalinga Rani J; Observation on the Diophantine equation, 
222 zDxy  , Impact J Sci Tech., 

2008; 2: 91-95. 

4. Gopalan MA, Pandichevi V; On ternary quadratic equation abba 284 22  , Impact J Sci Tech., 2008; 2 (2): 

55-58. 

5. Gopalan MA, Somanath M, Vanitha N; Integral solutions of ternary quadratic 

diophantine equation 
2222 )1( zkyx n . Impact J Sci Tech., 2008; 2(4): 175-178. 

6. Gopalan MA, Somanath M; Integral solution of ternary quadratic Diophantine equation zxyzxy  . 

Antarctica J Math., 2008; 5(1): 1-5. 

7. Gopalan MA, Gnanam A; Pythagorean triangles and special polygonal numbers. International Journal of 

Mathematical Science, 2010; 9(1-2): 211-215. 



 

Gopalan  MA et al., Sch.  J. Eng. Tech., 2014; 2(1):9-13 

    13 
    

 

 

8. Gopalan MA, Vijayasankar A; Observations on a Pythagorean problem. Acta Ciencia Indica, 2010; XXXVIM 

(4): 517-520. 

9. Gopalan MA, Pandichelvi V; Integral solutions of ternary quadratic equation xyyxz 4)(  . Impact J Sci 

Tech.; 2011; 5(1): 1-6. 

10. Gopalan, M.A., Kalinga Rani, J., On ternary quadratic equation 8222  zyx , Impact  J. Sci. Tech.; Vol. 

(5), No.1, 39 - 43, 2011. 

11. Gopalan MA, Geetha D; Lattice points on the hyperboloid of two sheets   

45266 222  zyxyxyx . Impact J Sci Tech., 2010; 4(1): 23-32. 

12. Gopalan MA, Vidhyalakshmi S, Kavitha A; Integral points on the homogeneous Cone 
222 72 yxz  . 

Diophantus J Math., 2012; 1(2): 127-136. 

13. Gopalan MA, Vidhyalakshmi S, Sumathi G; Lattice points on the hyperboloid one sheet 

4324 222  yxz . Diophantus J Math., 2012; 1(2): 109-115. 

14. Gopalan MA, Vidhyalakshmi S, Lakshmi K; Integral points on the hyperboloid of two sheets 

2173 222  zxy . Diophantus J Math., 2012; 1(2): 99-107. 

15. Gopalan MA, Srividhya G; Observations on 
222 2 zxy   Archimedes J Math, 2012; 2(1): 7-15. 

16. Gopalan MA, Sangeetha G; Observation on 
222 23 zxy  . Antarctica J Math, 2012; 9(4): 359-362. 

17. Gopalan MA, Vijayalakshmi R; On the ternary quadratic equation ))(1( 2222 zyx   ,  1 . Bessel J 

Math, 2012; 2(2): 147-151. 

18. Somanath M, Sangeetha G, Gopalan MA; On the homogeneous ternary quadratic 

Diophantine equation 
2222 )1()12( zkykx  . Bessel J Math, 2012; 2(2): 107-110. 

19. Somanath M, Sangeetha G, Gopalan MA; Observations on the ternary quadratic Equation 
222 3 zxy  . 

Bessel J Math, 2012; 2(2): 101-105. 

20. Divya S, Gopalan MA, Vijayalakshmi S; Lattice points on the homogeneous cone 
222 40zyx  . The 

Experiment, 2013; 17(3): 1191-1199. 

21. Mordell LJ; Diophantine equations. Academic press, New York, 1969. 

 

 


