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Abstract: We obtain infinitely many non-zero integer quintuples (X,Y,z,w,T) satisfying the non-homogeneous

equation of degree seven with five unknowns given by X%+ y4 —(x— y)Z3 = 2(k2 +652)W2T5 Various
interesting properties between the solutions and special numbers are presented.
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INTRODUCTION

The theory of diophantine equations offers a rich variety of fascinating problems. In particular, homogeneous and
non-homogeneous equations of higher degree have aroused the interest of numerous Mathematicians since antiquity [1-
3].Particularly in [4, 5] special equations of sixth degree with four and five unknowns are studied. In [6-9] heptic
equations with three and five unknowns are analysed.This paper concerns with the problem of determining non-trivial
integral solution of the non- homogeneous equation of seventh degree with five unknowns given by,

x4+y4—(x—y)23 :2(k2 +652)W2T5 A few relations between the solutions and the special numbers are
presented.

METHOD OF ANALYSIS
The Diophantine equation representing the non- homogeneous equation of degree seven is given by

x4yt —(x—y)2® = 2(k? + 6sH)WAT> )
Introduction of the transformations

X=W+Z,y=W-2, )
in (1) leads to

w2 + 622 :(k2+652)T5 (3)

The above equation (3) is solved through different approaches and thus, one obtains
different sets of solutions to (1)

Casel: k* +6s° isnota perfect square

Approachl:
Let T =a*+6b? @)
Substituting (4) in (3) and using the method of factorisation, define

(W+i/62) = (k +iv/6s)(a+i/6b)° )

Equating real and imaginary parts in (5) we get
w =kf (a,b) —6sg(a,b)
z =sf (a,b) +kg(a,b)

where

(6)
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f (a,b) = a® —60a’b? +180ab4} )

g(a,b) =5a‘h —60a’h® + 36b°
In view of (2) and (4), the corresponding values of X, Yy,z,w and T are represented by
x=(k+s)f(a,b)+(k—-6s)g(a,b)
y=(k—-s)f(a,b)—(k+6s)g(a,b)
z =sf(a,b)+kg(a,b) 8
w = kf (a,b) —6sg(a,b)
T=a’+6b’

Properties:
1. The following expressions are nasty numbers

(a) 6(k? +6s°)(kz(a,1) — sw(a,1)) — 6(k? +652)2
(120F, , 3 ~180P5 —50T;3 5 +195T, 5 ~130Ts ,)
(b) (k—65){y(a,a) - (k —S)[L20Fs 5 3_240F, , 3 —35CP, ¢ +120T5 5 +
156(3T4 4 — 2T a)]— (k —6)[10T3 3 T4 2 —5CPy g —120T5  +60(3T4 5 — 2T5 )1}

2.W(a,a) —(121k +114)[120 F5 5 3 240 Fy 53 150 P2 80 T3 5 42 CPa3 —~CP,¢l =0
3.2(a,8) = (1215 ~19K)[L20Fs 5 3_60F 4 5 —30P5 +30T3 4 +3T4 5 —2T5 4]
4.x(a,a)+y(a,a)+T(a,a)—2w(a,a)—(6 pg —CP, g —4T3 5) =0(mod 6)
Sx(a,a)—(k +8)[120Fs 5 3 240F, 4 3 —35CR; g +120T3 5 +156(3T4 5 — 2T5 5)]+
(k—65)[10T3 5.T4 4 —5CP, g —120T3 5 +60(3T4 5 —2T5 5) +36] =0 >
T(2%",2%") = 7(KYzn ~ J2n41)
7.T(a,a)+Yy(a,a)—x(a,a)—Tig 5 +(242s —38k)
[4T32CPag =T, - —6P; +4T; ,]1=0(mod6)
8. T(a(a+1),a+1)— (2T3,a2 +2CP; g + Sy +54T4 5 —36T5 4] =0(mod5)
9. 2z(a,a) +T(a,a) —(121s —19K)[3Ty 5.CP; 4 —CP; g]—2Tg 4 = 0(mod 5)

Approach2:

Now, rewrite (3) as, w2+ 622 = (k2 +682)T5 *1 9)
Also 1 can be written as

_ (5+i2J/6)(5-i2/6)

1 > (10)
7
Substituting (4) and (10) in (9) and using the method of factorisation, define,
. (5+i24/6s) . =
(W+i/62) =f(k+|\/§s)(a+|\/5b) (1)

Following the same procedure as in approachl we get the integral solution of (1) as

213



Lakshmi K et al., Sch. J. Eng. Tech., 2014; 2(2B):212-218

x=T7°[(k —s) f (A B) - (k +65)g(A, B)]

y =743k —17s) f (A, B) — (17k +18s)g(A, B)
z=7(2k +55) f (A B) + (5k —12s)g (A, B)
w=7%(5k —12s) f (A, B) —6(2k +5s)g (A, B)
T =72(A% +6B?)

Approach3:
1 can also be written as

_ @+i2JB)(1-i2V6)
52
Following the same procedure as in approachl we get the integral solution of (1) as
x =5*[(3k —11s) f (A, B) — (11k +18s)g(A, B)]
y =-5"(k+13s) f (A, B) + (13k —6s)g(A, B)
z=5%2k +s) f (A B)+(k-12s)g(A B)
w=5"(k -12s) f (A,B) —6(2k +s)g(A, B)
T =5°(A*+6B%)

1

Approach4:
1 can also be written as

_ (6-a? +i2a+/6)(6-a? —i2a+/6)
(6+ a2)2
Following the same procedure as above we get the integral solution of (1) as

1

x = (6+a?) [{(6—a?)(k +53) +2a(k —69)} (A B) +{(6 — &) (k —65) —12a(K +5)}g(A, B)]
y=(6+a?)*[{(6-a?)(k—s)—2a(k +65)} (A B)—{(6—a?)(k +65) +12a(k — 5)}g(A, B)]

2= (6+a?)[{(6—a®)s+2ka}f (A B) +{(6 - a®)k —12as}g(A, B)]
W= (6+a2) [{(6-a?)k —12as} (A B) —{6(6—a?)s + 2ka}g (A B)]
T = (6+a?)?(A% +6B?)

(16)

Approachb:
Assuming

T = (k% +652)T, w= (k2 +652)3TW, 2 = (k2 +652)3T°Z
in (3), it reduces to
w2+6z%2=T
Taking T = t2 in (18) & solving and using (17) we get
w= (k2 + 632)3(052 + 6,82)4(052 —6,6’2)
2 = (k2 +65°)°2a8(c” +652)"
T = (k* +65°)(a’ +65°)?
Using (19) and (2), the corresponding integral solutions to (1) can be obtained.

(12)

(13)

(14)

(15)

17

(18)

(19)

214



Lakshmi K et al., Sch. J. Eng. Tech., 2014; 2(2B):212-218

Approach6:
Assuming

w=WT?, z=2ZT?
in (3), we get,W2 +62°% = (k2 +6$2)T
Taking T = t2 in (21) and arranging we have

(W —kt)(W +kt) =6(st—Z)(st+2)
Writing (21) as a system of double equations and solving, we get
W = (125 — k)tl, Z= (S + 2k)t1, t= 5t1

Using (20), (23) and (2) the corresponding integral solution can be obtained.

Case2: k? +6s° isa perfect square

Choose k and s such thatk? +6s* =d?.
Substituting (24) in (3) we get

WP +62° =d°T®
Approach?7:
Assuming W =dWT?, z=dZT?
in (25), we get W2 +6Z% =T
T =(a% +6b?)"

Substituting (28) in (27) and writing it as a system of double equations and solving we get

W :%[(a+i«/§b)” +(a—iv6b)']

1 . 0" .
Z-ﬁ[(aﬂﬁb) (a—i/6b)"]

Using (29), (28), (26) and (2) we get the integral solution to (1) as
d i

x=—(a+6b*)*"[f(a,b)——=g(a,b
2( )"[f(a,b) %g( )]

d 2\2n I
y:E(a+6b ) [f(a,b)+—6g(a,b)]

%

z :_LG(a+6b2)2”g(a,b)
|

2i\/6

W = %(a+ 6b2)2" f (a,b)

T = (a+6b?)"

where
f (a,b) = (a+i/6b)" + (a—i/6b)"
g(a,b) = (a+i/6b)" - (a—iv/6b)"

Properties:
n+1 _ B 2n 5 _
1.2""w(a,a) = GL,(4,—28).d.7 (2Pan.T4,an CPn o)

(20)
(21)

(22)

(23)

(24)

(25)

(26)
(@7)
(28)

(29)

(30)
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2.2"17(a,a) =GF, (4,—28).d.72”(24F4 35

+5(3T4,a” - 2T5,a” )(2CPan 3~ CPan ,6)

- 6CPan 6 22T3,a”

5 _
3.T(a,a)—7(2Pan —CPan,G) =0
4. 4w(a,a)—72"d.[(1+i/6)" +(1‘i“/€)n](soan T, .n+tCPq)=0

5, 7”(san +6PR_ —6T, )~6T(a,a)=0(mod7)

Approach8:
Assuming W =dWT, z=dZT (31)
in (25), we get W2 +6Z2%=T3 (32)

Then the solution to (32) is obtained as

W = p(p® +6q°)

Z=q(p°+6q°) (33)
T =p’+6q°

Using (33), (31) and (2), we get the integral solution to (1) as

x=d(p®+69°)°(p+0q)
y=d(p®+60°)*(p-q)
z=qd(p*+6q°)* (34)
w=pd(p’®+6q°)°

T =p*+6q°
Properties:
1. X(2a,a) + y(2a,a) =400d[120 F5,a,3— 240 F4,a,3 +50PeiEJ + 70T3,a + 2CPa,6 - SOa]

2. X(a,a) - y(a,a) =200d[120F; 4 3 60F 55 —30Pa3 —15T4 5 —42(0OH,) + 28CP; 6]
3. 2W(a, )+ 2(a,a) = 49d[4P; CP; , —6T, 5 —3CP, 6 —4F5]
4. 29435, —42T (22", 22"y is a nasty number

5. 2W(a,l) —d[6(OH )a.T3’a -12 F4,a'5 + 29CPa,6 +3T4’a] = O(mOd 72)

Remark:
The solution to (32) can also be obtained as

w=d(e® ~18af)(e +6/°)

Z=d(3azﬂ—653)(a2+6ﬂ2) (35)
T=a’+ 6,32
Using (35), (31) and (2), the integral solution to (1) can be obtained.
Approach9:
Taking T =t2 (36)

in (27) and solving, the integral solution to (1) can be obtained as
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x=d(a’ -6p%+2ap)(a’+65%)"
y=d(a®-68° -2ap)(a’ +65%)"
w=d(a’-6p%)(a’ +65%)* @37
z=2apB.d(c’ +652)"
T =(a’ +6p%)°

The solutions in all the above approaches satisfy the following properties:

1.xy—W2+z2 =0

2. xy—y2 +4wz =0

3. The following expressions are nasty numbers:
(). X2 + y2 —4xy + 2w?
(b). (x+ y)2 +2w?
(©). 2W(X + Yy + W)

4 The following expressions are cubical integers:

(). 4(x3 - y3 — 6W22)

(b). 4(x3 — y3 — 62W2)

W4 y4
W

2

(c) —-8zw

5. 8(X4 + y4 ~27* —1222W2) is a biquadratic integer
6. z(x3 + yg’)(’sw2 + 22) —W(x3 — y3)(w2 +322) =0

CONCLUSION
In conclusion, one may search for different patterns of solutions to (1) and their corresponding properties.

MSC 2000 Mathematics subject classification: 11D41.

Notations:
T n -Polygonal number of rank N with size M
an- Pyramidal number of rank N with size m
SOy, -Stella octangular number of rank n
S, -Star number of rank N
PR, - Pronic number of rank n
OH\, - Octahedral number of rank n
J |, -Jacobsthal number of rank of n
Jny - Jacobsthal-Lucas number of rank n
KY,, -keynea number of rank n
CPn,3 - Centered Triangular pyramidal number of rank n
CPn,G - Centered hexagonal pyramidal number of rank n
F...s -Five Dimensional Figurative number of rank N whose generating polygon is a triangle.

F, .5 -Four Dimensional Figurative number of rank N whose generating polygon is a triangle
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