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Abstract: The homogeneous cubic equation with four unknowns represented by the Diophantine equation

3 3 3
XZ+Y"=72ZT" s analyzed for its patterns of non-zero integral solutions. Two patterns of solutions are illustrated. A
few interesting relations between the solutions and special numbers are exhibited.
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Notations:
Tm, n: Polygonal number of rank n with size m

SO n: Stella octangular number of rank m
CPmn: Centered pyramidal number rank n with size m

INTRODUCTION
The Diophantine equations offer an unlimited field for research due to their variety [1-3]. In particular,
one may refer [4-19] for cubic equation with four unknowns. This communication concerns with yet another interesting

- 3 3 3
equation X* +Y* =7ZT representing the homogeneous cubic equation with four unknowns for determining its
infinitely many non-zero integral points. Also a few interesting relations among the solutions are presented.

METHOD OF ANALYSIS
The ternary non-homogeneous cubic Diophantine equation to be solved for its distinct non-zero integral solutions is

xX*+yi=72z1t

(1)
Introduction of the transformations
X=U+V
y=u-v @
z=2u(7n? —~10n+4)
in (1) leads to
u? +3v? = (49n2 —70n + 28)t° A
2 2
Let t=a"+3b 4
Write 49n? — 70N + 28 as
49n2—7On+28:(—5+7n+i\/§)(—5+7n—i\/§) n=1 2.3 5)

Using (4) & (5) in (3) and applying the method of factorization, define
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(u + i\/§v): (—5+7n + i\/§)(a+ i\/§b)3

Equating real and imaginary parts, we get ©
u=-5a° +45ab” + 7na® —63nab” +9b°> —9a’b @)
v=a’—-9ab® —21nb® + 21na’*b +15b° —15a°b ®)
using (7) & (8) in (2) we have,

x(n,a,b) = —4a* +36ab? + 24b* — 24ab + 7n (a° —9ab® —3b° +3a’b) R
y(n,a,b)=—6a° +54ab? —6b* +6a’h + 7n (a® —9ab? +30° —3a’h) ©

2(n,a,b) = (~10a® +90ab? +180° —18a%h +14na’® —126nab® ) (49n? —70n +28) >

Thus (4) & (9) are the corresponding non trivial integral solutions of the given equation (1)

_/
Properties
. x(n,aa)-y(naa)+850,+8n=0
, X(n,a,b)-y(nab)+10CP,, +18CP,, —14nCP, , = 90ab* —18a’b —126nab’
5 x(n,a,b)+4y(na,b)+28CP,, +35nCP, , —63nCP,, = 252ab* —63na’h + 315nab’
. X(n,a,a)-16S0, +28S0, ~T,,, —43=0
. v(n,al)+6CP,, —6T,, —54a+6=n(7CP,, — 21T, —63a)

It is worth to note that 49n® — 28n + 7 is also represented as
49n” —28n+7 = (- 2+ 7n+iv3) (- 2+ 7n-iV3)i =123..... (10)
Following the analysis presented above, the corresponding integer solutions to (1) are found to be

\
x(n,a,b)=—a® +9ab? +15b° —15a°h + 7n (a® — 9ab® — 3b° +3a’b)
y(n,a,b)=—3a’ +27ab? +3b° —3ab + 7n (a° —9ab? +3b* —3a’h) L
2(n,a,b) = (~ 4a° +36ab? +14na’® —126nab? +18b° —18a%b)(49n? —28n + 7)

J

Properties
5 x(n,aa)-y(naa)-1650, -16n=0

3x(n,a,b)- y(n,a,b)—42CP,, —14nCP, , — 42nCP,,, =84na’b —42a’b —126nab’

>

5 3x(nal1)-y(n al)-42CP,, +42T,, —14nCP,, —84T,, —42CP,, +126a =0

. x(n,a,b)-y(nab)-2CP,, —12CP,, =2Ina’h—18ab® —12a’h

. z(nlb)=(-4+36T,, +18CP,, —18+14n—126T,, ) (49T, —28n+7)
CONCLUSION

In this paper, we have presented two different patterns of non-zero distinct integer solutions to the cubic
equation with four unknowns given by X3 + y3 =7z t? . To conclude, one may search for other patterns of solutions
and their corresponding properties.

REFERENCES
1. Dickson LE; History of theory of numbers. Volume 2, Diophantine Analysis, New York, do cover, 2005.
2. Mordell LJ; Diophantine equations. Academic Press, London, 1969.

381



Meena K et al., Sch. J. Eng. Tech., 2014; 2(3A):380-382

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

Carmichael RD; The theory of numbers and Diophantine Analysis. Dover Publications, New York, 1959.

M.A.Gopalan & S.Premalatha Integral solutions of (x+ ¥) (xy +w?)=2 (k* +1) 2 Bulletin of Pure &
Applied Sciences, 28 E(2):197-202.

Gopalan MA, Rani JK; Integral solution of X%+ y® +(x+y)xy = 2% + W +(z +W)zW_ByJletin of Pure
& Applied Sciences. 2010; 29 E(1): 169-173.

Gopalan MA, Premalatha S; On the cubic Diophantine equations with 4  unknowns
(<= y)oy —w?) = 2(n* +2n)z° |nternational Journal of Mathematical Sciences, 2010; 9(2): 171-175.

Gopalan MA, Premalatha S: Integral solution of (x+ y)( +w?)= 2(k +1)z> The Global Journal of
Applied Mathematical Sciences, 2010; 3(2): 51-55.

Gopalan MA, Pandichelvi V; Remarkable solutions on the Cubic equations with 4 unknown
x? +y? + 2% =28(x+y+z)w? Antarctica J Math., 2010; 7(4): 393-401.

. . . . 3 3 _ 3 3 .
Gopalan MA, Krishna moorthy GS; On the Diophantine equation X * Y =U™ +V"  Impact J Sci Tech.,
2012; 6(1): 137-145.

Gopalan MA, Pandichelvi V; on the Cubic equations with 4 unknowns
x* —xy +y? +k*+2kw=(k? +3)z° |mpact J Sci Tech., 2012; 6(1): 81-86.

Gopalan MA, Vidhyalakshmi S, Malliga S; Observation on Cubic equation with 4 unknowns xy + 2z = w®
Global Journal of Mathematics and Mathematical Sciences, 2012; 2(1): 69-74.

Gopalan MA, Vidhyalakshmi S, Sumathi G; on the Homogeneous Cubic equations with 4 unknowns
x? +y?® =142° —3w”(x+y) Discovery, 2012; 2(4): 17-19.

Gopalan MA, Geetha K; Observation on  Cubic  equations with 4  unknowns

x? +y? - xy(x+y) =2 +2(x+ yIW* |nternational Journal of pure & Applied Mathematical Sciences,
2013; 6(1): 25-30.

Gopalan MA, Sangeetha V, Somanath M; Lattice points on the Homogeneous cubic equation with 4 unknown
x* —xy +y® +3w” =727 |nternational Journal of computational Engineering Research, 2013; 3 (7): 24-26.

Gopalan MA, Sangeetha V, Somanath M; Lattice points on the Homogeneous cubic equations with 4 unknowns
<+ ¥)y +w?)=z3(k? —1).k =1 _|ndian Journal of Science, 2013; 2(4): 97-99.

Vidhyalakshmi S, Gopalan MA, Kavitha A; Observation on Homogeneous cubic equations with 4 unknowns
x* +y® =72"2W’ |ternational Journal of modern Engineering research, 2013; 3(3): 1487-1492.
Vidhyalakshmi S, Gopalan MA, Sumathi G; On the Homogeneous Cubic equations with 4 unknowns
x*+y® =2° +wW?(x+Y) Dpiaphanous J Math., 2013; 2(2): 99-103.

Gopalan MA, Sivagami B; Integral solution of Quadratic equations with 4 unknown
x? +y® + 2% =3xyz + 2(X+ YIW® Aparctica J Math., 2013; 10(2): 151-159.

Vidhyalakshmi S, Gopalan MA, Thiruniraiselvi N; On the Homogeneous Cubic equations with 4 unknowns
(x+y+2)° = 2(xy +31W*) caviey 3 Math,, 2013: 2(2): 163-168.

382



