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Abstract: Under the travelling wave transformation, some nonlinear partial differential equations such as the fifth order
Caudrey-Dodd-Gibbon equation are transformed to ordinary differential equation. Then Using trial equation method and
combing complete discrimination system for polynomial, the classifications of all single traveling wave solution to this
equation are obtained.
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INTRODUCTION

Many problems in natural and engineering sciences are modeled by partial differential equations(PDE).To find
solutions of PDE is a very important problem. Many mathematicians and physicists work in the field, and they have
developed many methods for many special equations. Particularly, by algebrac expansion method, many exact solutions
of many nonlinear equations have been obtained. Recently, Professor Liu proposed a powerful method named trial
equation method[1-3] for finding exact solutions to nonlinear differential equations.

The Caudrey-Dodd-Gibbon equation’s physical understanding was illustrated in[4],and its solitary solutions have been
studied by many authors[5-10].1t’s worth mentioning that Wazwaz derived explicit travelling wave solutions using the
tank method in2006 and multiple-soliton solutions using Hirota’s direct method combined with the simplified Hereman
method in 2008 for the above equation. In this paper, we mainly use Liu’s trial equation method and the theory of
complete discrimination system for polynomial[11-15] to solve exact solutions of the fifth order Caudrey-Dodd-Gibbon
equation.

DESCRIPTION OF TRIAL EQUATION METHOD
The objective of this section is to outline the use of trial equation method for solving a nonlinear PDE. Suppose we

have a nonlinear PDE for u(X,t) ,in the form

P(u,u,u,,u,,u,,u,,--)=0 (1)
where P is a polynomial, which includes nonlinear terms and the highest order derivatives and so on.
Step 1. Taking the wave transformation U =u(¢,),& =kx+ ot reduces Eq.(1) to the ordinary differential equation
(ODE).

XX

M (u,ku’, ou’,k*u”, @’u”,kett”,---) =0 )
Step 2. Take trial equation method
u"=F(u)=a,+au+---+a,u". 3)

Integrating the Equation (3) with respect to & once, we get

2a
U =H@Uu)=—u™* +...+au’+2au+d 4
(u’ (u) ] & a, 4

where m, & and integration constant d are to be determined. Substituting Egs. (3), (4) and other derivative terms into

Eq.(2) yields a polynomial G(u) of u. According to the balance principle we can determine the value of m. Setting the
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coefficients of G(U) to zero, we get a system of algebraic equations. Solving this system, we can determine values of

a,,a,,---,a, and integration constant.

Step 3. Rewrite Eq.(4) by the integral form
du

we-&)=] eIt ©

According to the complete discrimination system of the polynomial, we classify the roots of H(u) and solve the
integral equation (5). Thus we obtain the exact solutions to Eq.(1).

APPLICATION OF TRIAL EQUATION METHOD
The fifth order Caudrey-Dodd-Gibbon equation reads as

u, +30u,u, +30uu, +180u’u, +u =0. (6)
Taking the traveling wave transformation U =U(&,) and & = kX + wt, we can obtain the corresponding reduced ODE.
au’ +30k%u’u” +30k*uu” +180ku’u’ + k°u™” =0. )
Integrating Eq.(7) once with respect to §1 and setting the integration constant as zero yields
U +30k3uu” + 60ku® +k°u™ =0. (8)

We take the trial equation as follows
u"=a,+au+---+a,u". )

"

According to the trial equation method of rank homogeneous equation, balancing U”’ (or uu”) with u’ gets M=2,so

Eq.(9) has the following specific form
u”=a, +au+au’. (10)
Integrating Eq.(10) with respect to 51 once, we yield
(u)? = au +au®+2au+d. (11)

where values of a,,a,,a, and the mtegratlon constant d are to be determined latter. By Eqs.(10) and (11),we can
derive the following formula

u™ = a?u +5a,a,u” +(6a,a, +a’)u+a,a, +2a,d. (12)
Substituting Egs.(10) and (12) into Eq.(8), we have
ru’+ru’+ru+r =0. (13)
where
r, =k°a,a, +2k°a,d. (14)
I = w+30k’a, +k°(6a,a, +a7). (15)
r, =30k’a, +5k°a,a,. (16)
r, = 30k’a, + 60k +%k5a§. 17)
Let the coefficient r =0(i = 0,1 2,3) be zero, we will yield nonlinear algebraic equations. Solving the equations, we

will determine the values of 8,,8,,a,, d . We get two groups of solution to the equations as follows

1)

a0=——12k3,a11=0,a2 k2,d 0 (18)
co+k5a1 6 (a)+k5312)31

- , 8, =——,d =" 1% 19

a, = a=4a,a,= k 79K (19)

Where @, is an arbitrary constant.

When the above condition (18) or (19) is satisfied, we use the complete discrimination system for the third order
polynomial and have the following solving process.
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Let
v=Ca)yus-Ca)s.d —aCa) d-2aCa) d,d
Then Eq.(11) becomes
(V')? =V® +d,v2 +dv+d,.
Where V is a function of £. The integral form of Eq.(21) is
se-g)-] v .
\/vs +d,v? +d,v+d,

Denote
F(v)=Vv’+d,v’ +dyv+d,.

3 2
A——27(£ OIOIE‘) —4(d,—dj)’,D, =d —d3

(20)

(1)

(22)

(23)

(24)

According to the complete dlscrlmlnatlon system, we give the corresponding single traveling wave solutions to Eq.(6).

Casel. A=0,D, <0.F(v) =0 has adouble real root and a simple real root. Then we have

FOV)=(-4) " (V=24). A4 # 24,

When Vv > /12 , the corresponding solutions are

w=Cay (- ryenh V2 Caiocrat- )1+ 43 G, > )

u, _(Za) {(4 - 4)coth [‘/11 22( 8,) (kx+at = &)+ L} (4 > 4, );
3

= Cay A+ )0 Ca) o ot- )1+ A} (5 < 2). @9

Case2. A =0,D,=0.F(v)=0 hasa trlple root. Then we have
F(v)=(v—-4)%.
The corresponding solution is

u, = 4(% a,) (kX + ot —&) 2 +A.

Case 3. A>0,D, <0.F(v) =0 has three different real roots. Then we have

FM=(V-)V-L)V-4).4 <L <4.

When 4, <V < A,, we take the transformation as follows

V=4 (4~ A)sin’g.

According to the Eq.(19), we have

dv 2 d¢
s(e-5)=] J
JF(v) \/ﬂg A" J1-m?sin’g
Where m? = Z=2 . On the basis of Eq.(30) and the definition of the Jacobi elliptic sine function, we have

A

V=4t (= 2SN (*’”@2‘% @ —fo),mJ-
The corresponding solutions is

us—(gaz)élm(ﬂ?—ﬂl)sn (*”3 5 oo at-5,), m}]

(25)

(26)

(@7)

(29)

(30)

(1)

(32)

(33)

(34)

(3%)
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When V > 13 , we take the transformation as follows

—/123|n ¢+ﬂ3 36)
cos’ ¢
The corresponding solutions is
Jo= o5 (V5% (33,)} (x+ at — &), m)
U —( a )" (37)
cn? (W;‘”ﬂ (gaz)é(kxmt—go),m)
where m? =% 2
Case4. A<0.F(v) =0 has only a real root. Then we have
F(v)=(v—A)(V* + pv+0q), p>—4q <O0. (38)

When V > A, , we take the transformation as follows

v=/1+4//12+p/1+qtan2§. (39)

According to the Eq.(19), we have

dv 1 d¢
f-g =] - o . (0
’ \/(V—/l)(vz +pv+q) (A +pA+q)t \1-m?sing
where m %(1— m) On the basis of Eq.(37) and the definition of the Jacobi elliptic cosine function, we have

’ 2
v=A2+ 22 A+ pAtg —JA%+ pA+a. (41)
1+en((4°+ p2+a)' (& —&).m)

The corresponding solutions is

2
U7=(§az)% A+ YA +PAtG —JA2+pA+ql. @2

L+en((2° + p2+0) (2,)! (kx+ ot — &), m)

In Egs.(26)(27)(28)(30)(35)(37) and (42), the integration constant §0 has been rewritten, but we still use it. The solutions

u; (i=1---,7) areall possible exact traveling wave solutions to Eq.(6). We can see it is easy to write the corresponding
solutions to the fifth order Caudrey-Dodd-Gibbon equation.

CONCLUSION

Trial equation method is a systematic method to solve nonlinear differential equations. The advantage of this method is
that we can deal with nonlinear equations with linear methods. This method has the characteristics of simple steps and
clear effectivity. Based on the idea of the trial equation method and the aid of the computerized symbolic computation,
some exact traveling wave solutions to the fifth order Caudrey-Dodd-Gibbon equation have been obtained.With the same
method, some of other equations can be dealt with.

Acknowledgments. | would like to thank the referees for their valuable suggestions.

475



Li Yang ., Sch. J. Eng. Tech., 2014; 2(3C):472-476

REFERENCES

1.

10.

11.

12.

13.

14.

15.

Liu CS; Trial equation method to nonlinear evolution equations with rank in homogenous: Mathematical
Discussions and its applications. Communications in Theoretical Physics, 2006; 45(2): 219-223.

Liu CS; Trial Equation Method and its Applications to Nonlinear Evolution Equations, Acta Phys. Sinica, 2005; 54:
2505.

Liu CS; Using Trial Equation Method to Solve the Exact Solutions for two kinds of KdV Equations with Variable
Coefficients. Acta Phys. Sinica, 2005; 54(10): 4506.

Aiyer RN, Fuchssteiner B, Oevel W; Solitons and Discrete Eigen functions of the Recursion Operator of Non-
Linear Evolution Equations: The Caudrcy-Dodd- Gibbon-Sawada-Kotera Equations. Journal of Physics A:
Mathematical and General, 1986; 19: 3755-3770.

Wazwaz AM; Analytic study of the fifth order integrable nonlinear evolution equations by using the tanh method.
Applied Mathematics and Computation, 2006; 174: 289-299.

Wazwaz AM; Multiple-soliton solutions for the fifth order Caudrey-Dodd-Gibbon (CDG) equation. Applied
Mathematics and Computation, 2008; 197:719-724.

Wazwaz AM; N-soliton solutions for the combined KdV-CDG equation and the KdV-Lax equation. Applied
Mathematics and Computation, 2008; 203(1): 402-407.

Cao CW, Wu YT, Geng XG; On quasi-periodic solutions of the 2+1 dimensional Caudrey-Dodd-Gibbon-Kotera-
Sawada equation. Physics Letters A, 1999; 256: 59-65.

Lou SY; Twelve sets of symmetries of the Caudrey-Dodd-Gibbon-Sawada-Kotera equation. Physics Letters A,
1993; 175: 23-26.

Xu YG, Zhou XW, Yao L; Solving the fifth order Caudrey-Dodd-Gibbon (CDG) equation using the Exp-function
method. Applied Mathematics and Computation, 2008; 206(1):70-73

Liu CS; All single traveling wave solutions to Nizhnok-Novikov-Veselov equation. Commun Theor Phys., 2006;
45: 991-992.

Liu CS; Classification of all single travelling wave solutions to Calogero-Degasperis-Focas equation. Commun
Theor Phys., 2007; 48: 601-604.

Liu CS; Applications of complete discrimination system for polynomial for classifications of traveling wave
solutions to nonlinear differential equations. Comput Phys Commun., 2010; 181: 317-324.

Liu CS; Solution of ODE u’’+p(u)(u’)2+q(u) = 0 and applications to classifications of all single travelling wave
solutions to some nonlinear mathematical physics equations. Commun Theor Phys., 2008; 49: 291-296.

Liu CS; Representations and classification of traveling wave solutions to sinh-GCordon equation. Commun Theor
Phys., 2008; 49: 153-158.

476



